ON SUMS OF TWO OR FOUR VALUES OF A QUADRATIC
FUNCTION OF x*

BY
GORDON PALL

1. We shall consider sums of values of the function
¢))] g(x) = pa? +vx + ¢,

where >0, v and ¢ are real. If ¢(x) is an integer for every integer z, it is of
the form

2 imx2+ inx+c¢, m>0,

m, n, and ¢ being integers, m+n even; and conversely.
Denote the least number represented by

3) g(x1) + g(x2) + - - - + q(x) (s given)

for integers x;=w by A=\(w, ¢(x), s). In the case (2) our problem may be
stated as follows: to determine the magnitude of the largest stretch of con-
secutive integers =\ not represented by (3) for integers x; = w.

We shall obtain a reasonably comprehensive solution of this problem for
s=2 and s=4 (see end of this Section). Many known facts concerning sums
of four values of quadratic functions of one variable are corollaries. Thus the
Fermat-Cauchy polygonal number theorem is implied by Theorem 2 for the
range —pu <v < — 3u; for this special case, however, a simpler proof, much like
that given here for the range 0 <u <w, exists.

§2 is the only one relating to s=2. I know of nothing general for s =3.

For s =5 Professor L. E. Dicksonf gave a complete solution, by ingenious
methods depending upon conditions for solving the equations

@ a=af + 2 +af +xf, b=2:1+ 22+ x5+ x4
The basic lemma, due to Cauchy,} is as follows.
LEMMA 1. Necessary and sufficient conditions that equations (4) be solvable
in inlegers x; are
(5? a = b (mod 2), 4a — b% = a sum of 3 squares.

* Presented to the Society, November 29, 1930; received by the editors May 1, 1931.
t American Journal of Mathematics, vol. 50 (1928), pp. 1-48.
I Cf. Legendre, Théorie des Nombres, 3d edition, vol. IT, nos. 624-30. An outline proof is given
here in §4.
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If b=0 these x; are necessarily 20 if (5) holds and
(6) b+ 25 + 4 > 3a.

New methods, involving values @, b below the limit 5242644 >3a of
Lemma 1, must be invented for all except the simplest cases already done
by Professor Dickson.

Let Fy(x= —k), or simply F;, denote the fable of all sums of four values of

@) f(#) = p2?+vx (u>0)

for integers x> —k; or, what is the same thing, the class of all quantities
pa+vb, where a and b are integers such that equations (4) are solvable in in-
tegers x;= —k. For any u, v the entries of F;, may be arranged in order of
magnitude. By a gap in F we mean a difference of consecutive entries. If vy,
is the largest gap for, say, the first thousand entries, we try to show that it
is large enough to bridge the entire table. If a larger gap be later encountered
it may be taken as a new standard. A difference of entries is called allowable
if it is < some gap already discovered in the table.

Since sums of four squares or triangular numbers become very numerous
for large numbers it might be expected by analogy that the largest gap should
always occur early in the tables F. In F,, in fact, by Theorem 5, the largest
gap occurs among the first six entries. In all cases of this sort (Theorems 2,
3,5, 6, 7, 8) we shall solve our problem completely.

But there are two distinct stretches of values of u and v for which the
largest gap in F occurs arbitrarily far out.

The first case of this is completely solved in Theorem 4. The values u, »
in question satisfy »<0, u=5|»|.

Finally in the really difficult case with g, » in the vicinity of u=(3/2) |»]|
the distribution of large gaps is extremely complicated. For every 2 >0 there
are, roughly speaking, infinitely many gaps larger than any near the begin-
ning. I content myself (§§10 and 13) in this case with devising a method for
a finite exhaustive determination of the gaps, showing plainly by explicit
formulas where the gaps are situated.

Many properties, new and old, are developed of the sum of the roots
> x; with x;= —k, when a =) x2.

2. The case s =2 is trivial, at least for (2).

THEOREM 1. If, for q(x) in (2), the values of q(x)+q(y) for all integer pairs
x, v be arranged in order of magnitude, arbitrarily large gaps will occur.

By (2) the equations
(8) N = g(x) + q(y),
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9) 8mN + 2n% — 16mc = (2mx + n)2 + 2my + n)?

are equivalent. Hence (8) is not solvable in integers «, y for  consecutive posi-
tive integers NV, provided that x2+ 42 fails to represent 8m(r+1) consecutive
integers >2n%—16 mc. The last fact follows from

LeMMA 2. Any binary quadratic form
(10) ¢ = Ax? + Bxy + Cy?,
with intéger coefficients and discriminant d = B*—4AC not a square, fails to rep-
resent any given number k of consecutive positive integers.

For ¢ N if (d|p) =—1 for any odd prime p dividing N to an odd ex-
ponent. Since d is not a square there exist infinitely many odd primes #,,
ps, - - -, such that (d|p;) = —1. The congruences

= — %k (mod p»n) (h=1,2,---,k)
whose moduli are relative prime in pairs have a solution
N = No+Ipsps- - pu,
where [ is an arbitrary integer. Choosing / so that
=0 (mod pa) if No3 — h (mod p2),
I=1 (mod ps) if No= — k (mod p2),
we get integers V such that N+41, - - -, N4k are not represented by ¢.

3. The problems for ¢(x) and f(x) are seen to be equivalent. Also, for
any w,

(11) 2t 4+ vz = p(x — )2 + (v + 2pw)(x — w) + pw? 4 rw.

Hence, by altering the range of x, we can obtain

(12) —u<v=upu.

The following classification is therefore exhaustive:*
(13) Fo=Fyx = 0), when 0 < u < »;
(14) Fo, when (12) holds;

* It is only for convenience of proof that (14), (15), and (16) have been segregated, since they
may be combined as
(13¢) pux?vx, x=x0, where x0=<0 and —p<v=p.
By (11) the table for ux*+vx, x=xo, may be replaced by the table for ux?+(+2uw)x, = xo—w.
If v+2uxo>p we choose w=1x,; otherwise we can choose a unique integer w21y such that —u<»
+2uw=u. In the first case we obtain (13), in the second (13).
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(15) Fr=FyxZ — k), k=1, when |v| < p < 3|»];
(16) Fi, when u = 3|»] .

4. Some properties of ) _x; in a=)_z2. We use a and ¢ in the rest of this
paper to denote positive integers only. For £ >0 and any & we define L(a) to
be the class of all values b such that (4) are solvable in integers x; = —k; but

we use it also in the sense of the class of all entries of F; of which the coef-
ficient of u is a. We drop the subscript 0 from Lo(a), and define

B, =largest b on L(a);

b,=least b=a (mod 2) such that 62+42b+4>3a;

b,.=least b=a (mod 2) such that 42+4b+16>3aq;
bi(a) =least b on Li(a).

We outline a proof of Lemma 1. We perceive the equivalence of the sys-
tems (4) and

(18)40 — 02 = (14 22— 23— 20)+ (01— 22+ x5 — %) 2+ (21— 22— 23+ x4)3,
b= 2+ %2+ %3+ %4,

Hence there is a (1,1) correspondence between the sets of integers x; of (4)
and v, of

(19) 4da—b=9y2 4+ v+ 9yE, b+ v+ yi+y.=0 (mod 4).

For odd a, b, (19;) holds by choice of sign of one of the (odd) ys; for given
even a, b, (19;) is a consequence of (19,). The statement about (5) follows.
As to (6):D_x:;=0, 2, <0 imply

( dox+ 1)2 S (et xs+ 222322 + 22 + 22), 0+ 1)2=3(—1).

(17)

We do not use here the fact that, when a, b are even, the signs of the y,
are at our disposal, and the preceding can be modified to show that (4) are
then solvable in integers x;=0 if (5;) holds and merely

(20) b= 0, 362+ 8 + 16 > 8a.

If a, b are odd, 4a—52=3 (mod 8); if b is even and a=2 (mod 4),
a—1b2=2 (mod 4). Hence (5,) holds provided only that

(21) 4a 2 b2,

LEMMA 3. If ¢ is odd or double an odd, L. () consists of every b=e (mod 2)
satisfying 4e 2 b%; and L(e) contains every b=e (mod 2) satisfying

(22) b, < b < B,.
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The last part is clear from Lemma 1 and (17). By considering (5:) we
readily verify
LeEmMA 4. Let a=4A4, A odd, 4a = b2 Then
b=16w belongs to L. (a) unless A=7 (mod 8),
b=4w+2 belongs to L.(a) for every A,
b=16w+8 belongs to L.(a) unless A=3 (mod 8),
b=4B, B odd, belongs to L,(a) unless A —B?=A,
where A denoles the linear form 49(8v+7).*
Now a positive b of the same parity as a satisfies
(23) 202> 5 b+ 12 (3a)2
for every ¢=1. By Lemmas 1 and 3 this gives the first part of

LEMMA 5. If a£20 (mod 4), B, is the maximum b=a (mod 2) satisfying (21).
Also, B, 2 b,. If a is even,

(24) (Bo)? = 3a
unless
(25) a=214, A =1,3711,17, k= 1.

In these cases
(26) B, =2% 2=1,2,3,4,5,
and B, is the maximum b satisfying (5:).
Suppose that ¢ is even. Write
(27) a =294, Aodd, g =2hor 2k — 1,
so that Z=1. If 2% does not divide b, 4a—b2=A and is not a sum of three

squares. Hence set b =2%y.
The conditions 3¢ <b2=<4a are

(28) 34 < y2 < 44 (if g is even),

(29) (3/24 < y2 < 24 (if g is odd).

An odd y satisfies (28) if (44)Y2—(34)Y222, A 257. An integer y satisfies
(29) if 24)V2—(34/2)V221, A =29. By the remarks leading to (21), 4a —b?
is then a sum of three squares.

* It is of interest to note that there are precisely 52 odd numbers 4 such that every square s2< 4
occurs in the representations of 4 as a sum of four squares. These are
A=1,3,59, 13,17, 21, 25, 33, 41, 45, 49, 57, 65, 73, 81, 89, 97, 105, 129, 145, 153, 169, 177, 185,
201, 209, 217, 225, 257, 273, 297, 305, 313, 329, 345, 353, 385, 425, 433, 441, 481, 513, 561, 585, 609,
689, 697, 713, 817, 825, 945.
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Table I is a list* of all values y for which the equations
(30) A = >x?, 2y= Y.x; (r=4or2)

are solvable in four integers x;=0; i.e. L(a) consists of all values 2*y. Write

31

(31) w=second largest y for a given ¢ (if any exists).
Thus, B,=2%z. In the column y(44) we verify 22234 if 14 <55; in the
column y(24) we find 222> (3/2)4 if 1 <4 <27, except for 4 =1, 3,7, 11, 17,
when z=1, 2, 3, 4, 5 respectively. In these five cases z? is the largest square
<24.

z=maximum ¥y for a given a,

TaBLE I

4 ¥(44) ¥(24) 4 y(44) ¥(24)

1 2,1 1 63 15-11 11-7

3 3 2 65 16-11,9 117

5 4,3 3,2 67 16-13, 11 11-8

7 5,4 3 69 16-11 11-8

9 6,53 4,3 n 15-13 119
11 6,5 4 73 17-13, 10 12-7
13 7-5 5-3 75 17-13, 11 12-8
15 7,6 5,4 77 17-15, 13, 12 12-8
17 87,5 5,4 79 17, 15-12 129
19 8,7 6-4 81 18-15, 13,9 129
21 9-6 6,5 83 1814, 11 12-10
23 9,7 6,5 85 18-13, 11 13-9,7
25 10-7, 5 7-4 87 18, 17, 15-13 13-10, 8
27 10-7 7-5 89 18-15, 13 13-8
29 10,9, 7 7-5 91 19-15, 13, 11 13-9
31 119, 7 7,6 93 19-14, 12 13-9
33 11-8 8-5 95 19-17, 15, 13 13-10
35 119 86 97 19-16, 14, 13 139
37 12-9,7 8-6 99 19-14 14-10, 8
39 129 8,7 101 20-15, 11 149
41 129 9-7,5 103 20-17, 15-13 149
43 13,11,10, 8 9-6 105 20-15, 13 14-10
45 13-11,9 9-6 107 19-15 14-10
47 13-10 9.7 109 20, 19, 17-15, 13 14-10
49 14-10, 7 9.7 111 21-17, 15, 12 14-10
51 14,13, 11,9 10-8, 6 113 21-15, 13
53 14-11,9 10-7 115 21, 19-16, 14
55 14-11 10-7 117 21-17, 15, 14
57 15-11,9 10-8 119 21-17, 15
59 15-13, 11, 10 10-8 121 22-16, 11
61 15-11 119, 6 123 22, 21, 19-15, 13

125 22-15, 13

* Used also in §8.
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LEMMA 6. For any k=1 the largest b on Li(a) is Ba.

When a is odd this is evident from Lemma 5 and the necessity of (21) for
(5;). When a is even it follows from the last clause of Lemma S if (B,)?<3a,
and, since (6) holds for b= B,, from the last part of Lemma 1 if (24) holds.

LemMA 7. Equations (4) are solvable in integers x; = — k if the following hold:
(32) (5), b= — 4k, b+ 2(k +1)b + 4(k + 1) > 3a.

This-appears out of Lemma 1 if we replace x; by x;—k in (4) and obtain
the equations

o+ 2kb+ 4kt = D x2, b+ 4k = D x*

which are to be solvable in x,20. (Cf. (17;).)

LeMMmA 8. For any even a,
(33) By < Bsa+1, Bs S Boyr + 1.

For, by the maximal property of B,_; (Lemma 5),
(34) (Ba1 + 2)2 > 4a (a even).
If (33,) were false we should have

B. 2= Boi+ 3, (BJ)? > 4a,

contrary to (5s). Similarly for (33,) with a+2 for a in (34).

LEMMA 9. For any even a except (25),
(35) bor1 = Ba+ 1, bay1 = Bat+ 1,
(36) b, 1=B,—1, bgy1 = B, — 1.

In fact, by the definitions (17) of bay1, Pats,
37 (a1 — 1)2 = 30, (bar)? < 3¢ —9 (a even).

If (35.) is false, (37,) gives
bet1 = Ba+ 3, (Ba)? < 3a,

contrary to (24). Similarly for (35;) with a—2 for ¢ in (37,), and for (36)
by use of (37,).

* It follows that there exists a (1, 1) correspondence between the sets (e, b) such that (4) is
solvable in integers 2;=0, and the sets (a’, b") such that (4) is solvable in integers x;= —k. Thisis
defined by

a=a’'+2kb'+4k2, b'+44k=b.
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LemMA 10. For any even a,

(38) Bsy1 — 2 = Bi1 < By (a even).
Also,

(39) Bay1 = Bs1+ 2

if and only if an odd square lies between 4(a—1) and 4(a+1). When (39) holds,
(40) By = Boy+ 1 or Baps = Bops — 1,

according as a=2 or a=0 (mod 4).

This is evident from Lemma 35, the parities involved, and the fact that
only one odd square can lie between 4a —4 and 4¢+4.

5. We examine the existence of values b<b, on L(a). For odd integers
a <720 the largest ratio b?/a, for b<2a'? and such that b is missing from
L(a), occurs when ¢ =347 and b=31. Then 31 =b,—2. But usually the se-
quence of b’s extends without a break some distance below b,.

We derive Lemma 11 as a corollary of Lemmas 12 and 13. Lemma 12 is
easily proved by the calculus.

LeMuMA 11. If e and x are positive integers, e = x2, write

@y B = = B = (LR — a
£:(2) = x + 3U2(e — at)iiz,

Then, if e—x2is a sum of three squares, L(e) contains a value b such that
42) go(x) £ b = go(x).*
If also e—x2#1 (mod 3), L(e) contains such a value with
43) g1(x) £ b = gofx).

LEMMA 12, Let £, 9, § run over all real numbers such that
(44) Eg+n+t=c (c>0),

and (I) E292¢20; (II) 294202 E29=2¢=0. In Case I the maximum value
of E+n+¢ is (3¢)V2 and the minimum value is c''?; in Case I1 the minimum
value is (9¢/5)V/2, obtained when £ =27, { =0.

LemuMa 13. If ¢#1 (mod 3) and ¢ is a sum of three (integral) squares, then
¢ is of the form

(45) c=X24VY:24+2%, 2Y+2Z2=2X2YV=20, X=2Z2=0.

* If x is the largest integer such that e—x? is a sum of three squares, then (42) holds for b= by(e).
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For suppose that
(46) c=824u+® tZ2u=0v=0, t>2u+ 2v.
Then 3 divides at least one of t+u+v, t+u—v, t—u-+v, t—u—v. In the re-
spective cases write
X=324+2u—02), Y=32—u+2v), Z=3%0¢—2u— 20);
X=324+2u+0v), Y¥=30Qt —u—2v), Z=3%0— 2u+ 29);
X=324+u+20), YV =32 —2u—19), Z=3%50t~+2u— 2v);
X and Z =the larger and smaller respectively of
1(2t + » — 2v) and 3@t + 24 + 29),
V=32t—-2u+7v).
We see (1) that X, ¥V, Z are positive integers; (2) that X is the largest of the
three; (3) that X <2V +42Z.
The derivatives of the g;(x) are negative in the interval .6el/2<x <e!/2.

Hence the g;(x) reach their greatest values at the beginning and their least
values at the end of any interval

47 pel2? < x S get?, 6=p<c=1.
By Lemma 11 a value b in the interval
(48) g1(oe!’?) = b = gape'’?)
will exist on L(e) if e and x satisfy (47) and
49) e— x2# 1 (mod 3), e — 22 % A.
We use five pairs (p;, 0;) (=1, - - -, 5):
(50) (.87, .89), (.885, .905), (.915, .935), (.955, .975), (.980, 1).
Write R;=¢1/2g,(0.eV/2), S1=e""2g(p;eV'?). By (41) and (50),
R: = 1.5017, 1.4757, 1.4107, 1.2730, 1;

51
1) S; = 1.7240, 1.6915, 1.6139, 1.4688, 1.3247.

If e= +1 (mod 8), (49) hold for at least one of any ¢ consecutive integers
x, where ¢=2, 3, 4, 6 in the respective cases

52) e=%or15,e=7¢=1e= 17 or 23 (mod 24).
Indeed (49) is true of

any even x if ¢ =9, any odd x if ¢ = 15 (mod 24),
any x=1,2,5,7,10, or 11 (mod 12) if e = 7 (mod 24),
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any ¥ = 2,4, 8, or 10 (mod 12) if ¢ = 1 (mod 24),
any ¥ = 0 (mod 6) if e= 17, any x = 3,6, or 9 (mod 12) if
e = 23 (mod 24).
Now the interval p;e!/?<x =02 contains ¢ integers x if (.02)%=gq?,
that is,
(53) e = 10000, 22500, 40000, 90000

in the various cases (52). Hence

LemMA 14. For e satisfying (53) in the respective cases (52), L(e) contains a
value b =0 satisfying

(54) Rie'/? £ b < Spell2 G=1,2,---,5),

where the R; and S; satisfy (51).
6. Table Fy(x=0), 0<u<v. We prove the following theorem:

THEOREM 2. If u>0 and —u<v, then
(55) y=p+|»]|

is the largest gap in Table F,.

If v20, v is the very first gap. Let » <0. Then 7u+-5v evidently exceeds
every entry of Fy with ¢ 6. Since B,<a—4 for every a =8, 8u+4v is the least
entry with ¢ >8. But 8u+4v—7u—5v=p—». Hence v is actually a gap in F,.

For any ¢ >0 set {s =au-+ Bay, which is an entry of F,.

Let 0<u<w. Then pu+v, 2u, and v—pu are allowable differences. Let # be
odd and positive. Then (39) holds for a =e and f, where

de=m?— 1, 4f = (m 4 2)2 — 1.

By Lemma 10, we can pass from {.q1 by successive increments 2u over
Cotsy - + - to {71 If f=2 (mod 4) we proceed to {; and {741 by two incre-
ments u+v. If f=0 we pass by the increments 2u, u+v, v—p to w={r1—2v,
142, Er41, provided w is an entry of Fo. This is certainly the case if three inte-
gers b lie within the limits (23) for a =f+1; hence, if f=20 and f= 56. In the
sole remaining case, 4/=49—1, f+1=13=3%24-22, whence w=13u45» is an
entry of Fl.

7. Table Fo, p2 || >0. Now 2 |»| is an allowable difference.

Write (a, b) =ap+bv. If a#0 (mod 4) each of

(56) Ag = (a) ba)) (d, b + 2)) R (a; Ba) = {a
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is an entry of F,, and we can pass allowably between any two such entries
for the same a.

By Lemma 8 and the first half of Lemma 9 it is clear then that all gaps
in F, are allowable except for tke values a in (25) as follows:
57) {between (a, Bs) or (@ — 1, B,_1), and (a + 1, bayy), if v > O;
between (a — 1, b,—1) and either (a, B,) or (¢ + 1, Bayy)if v < 0.
If »>0, let £,41 denote an entry (a+1, %.41). Suppose that all gaps in Fy

between £,41 and A.41 are known to be allowable. Then, in further progress
from {, to £,41 We can suppose £441—{a1>, O

(581) #+|V|>(Ba—1—xa+1+2)|v|,

since otherwise we can pass directly to £.41. The corresponding condition
forv<0is

(585) g+ v > Bayr — 2as +2) | ¥],

where £,_, is an entry allowably approachable from \,_;.
In the cases (52) let e satisfy (53). Write Sy =32, 5(® =p,. We shall use the
preceding with

(59) x, = UL (t=1,2---,9),
where b is any value b on L(e) in (54). By (34), (371), (58), and (54), we have
(60) By — b9 422 (2—Siyet’2—1 (e 3),

where

(61) e=a+j, f=a—]

and

(62) j=1ifv>0, j=—1ifr <O.

By (54) and b©® < Spet/2+1,

63) bG-D — p) < (2 — Siy)et/2 — 1

if 2<(Ri+2—2S.1)e"?, and hence by (51) if €=5250.
Since (1.4142—Ss5)eV/221 if e= 145,

(64) b® < B, — 1if (B.)? = 2a,
for any even a=146. Since (B,)?=2a in each case (25) we can then pass be-
tween {, and eu+b®» by an increment<u— |»|.

(a) »<0. There remain the early values A=1or 3, h<7; A=7, h<6;
A =11 or 17, k<5. By calculation, b,_y=B.,—1if k=1, A=1, 3, 11, or 17;
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bo1=B,+1if A=1,k=2,3; A=3,h=2,3,4;4=T7,h=1,2,3; A=110r17,
k=2, 3, 4, 5. Finally we give a table for the remaining cases, entries being
established by giving x; satisfying

(65) a—1=ua?+- -+ 2, b=a14 -+ x4,
We give W =B, 1 —b._1+2 where necessary.
a b x %o x3 Z4 ba1 w
27 17 1 1 5 10 19 4
20 31 3 3 3 22 39 8
n 65 1 1 26 37 79 12
21 n 1 7 29 34
28 129 1 17 26 85 157 26
21 145 5 14 59 67
3.20 63 6 7 15 35 67 12
3.21 129 1 27 38 63 135 22
3.2 257 1 43 102 111 21 44
7-27 49 1 7 19 22 51 10
7-29 95 10 13 17 55 103 18
7.21 191 7 37 41 106 207 34

(b) For »>0 we give an alternative proof for all cases (25), rather than a
table for the small cases, which would occupy almost as much space. Let
¢, u, v have the values 0,1 in

(66) (21 = 2 4 201+ 12+ 2 o o,
For a =221 we thus perceive the entries
(67) $a+ 71+ Ry, (f, R) = (1, 1)) (2) 0)) (2’ 2)7 (3) 1)) (4x 2)'

From 14 =324-224-12 we establish at once the entry {s+u+» for 4 =7; from
6=22412412 22=32432422 34=42432432 we see the entries {,+u+v»,
Cat2u for 4 =3, 11, 17.

LEMMA 15. Let s=10r —1,0=(2—s)v=u, a even, r, R, B integers, r >0.
Write

(68) 0=(+nNu+ (B+ Ry
Then

(69) Not1 — max (9, fo1) S p+ v
if, for some value p=0,1, - - -, r—1,

(70) (r—p)Bas+B+R+Q2—5)p+1> (@ —p+ 1)bar1— 5).
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For, n=0—p{u—(2—s)v} <6. Hence (69) holds if N\eys—max (7, {a_)
Sutsv. If Nepn—Ctaa>utsv; ie. u>(Bo1—bay1+5)y, then Agpi—n=<u+sv,
or (r—p)u= (bay1—B—R—(2—s)p—s)v, if (70) holds.

We apply the lemma with s=1, B=B,. Then, by (34), (371), (25) and
(26), (70) follows from
(71) . a2{2(r — p) + 2(2/A)V2 — 31%(r — p+ 1)} > 2r — R —3p — 1.

By (25) and (26) the coefficient of a2 is positive if r—p>1.2, 4, .5, .1, .1
respectively. The choicesr=4,2,1,2,2, p=2,1,0, 1, 1 make the right mem-
ber of (71) zero or negative.

8. Table Fi, k=1, u=3|v|>0. Since the gap
(72) T=p— |»]

occurs at the beginning of the table, 2 |»| is allowable and part of the treat-
ment is like that of §7. We use b, instead of b,, T instead of v, (36) instead of
(35), and see that, in addition to the cases (25), we have to consider the possi-
bilities ¢ even and

(73) B,=Bs,1+1ifv>0,B,= B+ 1ifv <O0.
When w, of (31), exists,
w0 = wg = ap + 2'wy = (a, 2'w)

is the entry of L(a) just below {,. Clearly w<z—1. Hence, in cases (73,),
we—(a—1, B,1)) £ T; and, in cases (732), (¢+1, bay1) —wa < T. If, in these
cases,
(74) (2*w)? 2 3a,
then 2*w>b,, e=aF1, by (37;), and, respectively, (a+1, bat1) —ws= T,
We— (a— 1, Ba.l) § T.

When (73) holds, B, is, by (34), the largest b=<(2a)V2, whence 2 is the
greatest y < (rA4)V?, where r=4 if g=2k, =2 if g=2h—1. Now

(75) (z—2)2=34 (ifg=2kh)
if (44)v2—(34)V223, 42127, and
(=122 @3/D4 (fg=2k-1)
if (24)V2—(34/2)1222, A=2113. Hence w exists for these values 4, and

(2Mw)2 = 3a.
Now (73,) does not hold if 4(a—1) = (2*2+41)2, or

(761) 22474 — 2%) = 2M1z 4 5;
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and (73,) fails to hold if 4(a+1) = (2*2+1)? or
(763) 2h(r4 — ) = 2MHg — 3.

Consider column y(44) of Table I. Observing the entry f(3)+2f(1)
+f(—=1) =12u+4» of F,, we define

w=2if4d =3, h=1,g=2h
We see that w?=34 except for
(7 1S4 <19 4 =2329, 35,41, 43, 71, 79.
When 7 =4, (76;) holds in all these cases except
(18) h=1,4=3,57h=1,24=13,17;h=1,2,3 4 =43;4 = 1,9.
When 7=4, (76,) holds in all cases (77) except
(19 h=1,A="7,17;h=1,2A=13;h=1,2,3,4 =43; 4 = 1, 9.

Consider column y(24) of Table I. In case A=1, 4 =1 or 3, we note
2=124(—1)?, 6=22+(—1)2+12, and define w=0 or 1 respectively. We find
0?2 (3/2)4 except for

(80) 14=39,43<4=49,4 =55,57,59, 67,69, 71, 81, 83, 97.
When 7=2, (76,) holds in all these cases except

=14 =1,3,15,21,27, 35, 43, 45, 55;
h=1,2,4=59,19k=1,2,3 4 = 13, 25, 33;

in all of which cases w is defined. Also (76,) holds unless

(82) h=1,4=9,27,3543;h = 1,2,4 = 5,19,33; h = 1,2, 3,4 = 13, 25.

(81)

I. Remaining cases (73,), g even: namely, (78). Since w exists, w,—a < T,
aE(a_ly Ba—l)- Let ﬁ=(d+1, ba+l)'
(a) 4=3,5,7,13,17, h=1. Then z=w+1.
(b) A=13,17, k=2. Then w,=164u+(A+11)r=6—T.
(c) A=43. We observe the entries ws+u Fv, w,+2u since
43-22h 4 1 = (5-2%)2 4 (3-2%)2 + (3-292 + (F 1)2,
43-2h 2 = (5202 + (3-25 4 1)2 4 (3-2% — 1)2 + Q2.
If 2=1or 2, foe— (wa+2u) <29, sinceu=3v. If =3, w+pu+r=2753u+8% =4.
(d) A=1. Then w=2%yu42h, a=(224—1)u+(2"1—1)p. To establish
w+pFr, w+2u, w+3uFr, o+3u+3v as entries of F; give the x; in 22h+x2

+af +x2 values —1, 0, or 1. Finally set x»=2, x3=x,=0, for the entry
0=w+4u+2v. We use Lemma 15 with s=—1, a=22 B=24 r=4 R=2,
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b in place of 0. When p=1, (70) becomes 7-2*—1>4b,,, and follows from
(37,) for every h=1.

() A=9. Then w=9-22u+5-2% a=(9-22*—1)u+(6-2"—1)». The
quantities w+uFv, w+2u, w+3p—», 0=w+3u+» are entries of Fy. E.g. if
y=2~1

360+ 3 =(4v+ 1)+ (40— 1)+ (20)2 + (F 1)

We use Lemma 15 with s=—1, ¢=9-22 B=5-2% r=3, R=1, b for b.
When p=0, (70) is 23-2*—5>4b,,,, which follows from (37,).

II. Remaining cases (73:), g odd; i.e. (81). Again w exists.

(a) k=1, all A’sin (81). Then z=w+1, { —w=2».

(b) k=2, A=5,9,19, 13, 25, 33. Then 4w=_8, 12, 20, 16, 24, 28. In view
of 84 =62+22, 62462, 102462442, 824621422, 102482462, 1024102482, the
sum of the square roots being 4w, we have the entries of Fy, w+u—v», 0=w
+u+», by adding (F1)2. Since { —w=4», {—0=<2|v|.

(c) k=3, A =13, 25, 33. Precisely as in (b), 6=w-+u-+v is an entry. Also,
ba41=35,47, 55. Hence B—0=2v, —2v, —2v.

III. Cases (25), v>0. We use Lemma 15 with s=—1, B=B,, b for b.
Then (70) becomes

(r—p)Baci+Ba+R+4p—7r>(r— p+ Dbays,
which, by (34), (25), (26), and (37,), follows from
(83)  av2{2(r — p) + 2(2/A)V2 — 312(r — p+ 1)} > 3r — R — 6p.

To reobtain the r, R of (67) we need merely interpolate some entries
among those exhibited in (b) of §7, by changing some of the x;=1 to x;=—1.
We can then evidently reach 6 =¢+4ru+Rv from { by incremerts =T or 2».

Now (83) is again trivially true, except when 4 =7. Then it becomes

al?(2 4 3(2/7)V2 — 2.312%) > 2, a = 202.
Ifa=14, {=14u+6v=B—-T;if a=56, § =5Tu+13v=8—2».
Hence we have proved

THEOREM 3. If 0<v<iu, T=p— |v| is the largest gap in F., and hence in
every table Fi, k=1.

We rework the part of §7 relating to »<0. The condition corresponding
to (58,) is here

(84) p—|v| > Baps — 2as — 2)| v] .

Taking now b°=hb,_1, whence °<See!/? by (37;), we require
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a b
26 7
20 35
3.27 31
7.28 23

BO-D — B < (2 — S;_y)ell — 4,

which holds if 4 < (R;+2—2S5;_1)e'/2, or ¢=21000.

IV. Cases (25), »<0. Since 11-211>21000 the same early values remain
asin (a) of §7. If a=23,3-23,3-25 7-2,7-23,11-25 11.27, 17-2%, 17-25, and
17.27, we find bo1=0,1—2=B,—1. For ¢=27 211 213 3.211 3.218 7.27 we
get the entry of L,(a—1) with 5=B,—1 by changing ;=1 to x,= —1 below
(65). In addition we have the following entries.

x1
-1
-1

2

3

Xo X3 X4 a—1 B¢+1 —ba,_l -2
1 2 5 9

5 14 17 39 4

3 9 17 33 4

3 3 14 25 2

V. Remaining cases (73;), g odd: (82).

(a) all kb=1:w=2—1, 0—{=2.

(b) k=2, A=33,25: 2Mw=28, 24; b, =27, 23.

(c) k=2, A=5,19, 13: 2Mw=8, 20, 16; b,_1=9, 21, 17; 39=62+4124-12
+(—1)2, 151 =112452422412 103 =724724224+(—1)%; b=7, 19, 15.

(d) =3, A=25:2mMp=48, b, 1 =47.

() =3, A=13: 2Mw=32, b, =35, 13-25—1=(£1)24+524+1024+172;

b=31, 33.

VI. All remaining cases except a=22* k=3: (79).

(@) h=1,4=7,17,13,43,1,9: w=2—1, w—{ =20.

(b) k=1, A=43: 2w =22, b,_,=21.

(c) k=2,A=13: 2"w=24, b, ,=23.

(d) k=2, A=43: 2w =44, b, =45, 24-43—1 =12462+1724192, b=43,
(e) h=3,4=43:2mMp=88,b, 1=89,43-20—1=124+152+43724-342, b=87.
(f) A=9,g=2h. By (64) and §7 there remain only 2 <6. For these we have

the following table.

a 2Mp
9.2¢ 20
9.26 40
9.28 80
9.210 160
9.212 320

b
19
39
79
159
319

X1 X2 X3 X4 b, Boy
-1 5 6 9 19 23
2 7 9 21 41 47

S 15 17 42 83 95
15 26 33 85 165 191
35 54 59 171 331 383

(g) A=1, h=2. L,(15): 7, 5, 3;

L,(16):8, 4; and 3 < 4.
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Thus, if =3 |v| and »<0, all gaps in F, are <T except possibly those
necessary to pass the points ¢ =22% £ =3.

9. Gaps associated with ¢ =224 k>1, A>3, v <0. Let b;,; denote the least
b on L,(22*—1). For any e write b(e) for the least b on L;(e). Set

Qp .k = (2“ b 1)# + b;.,kv, i';. = 22"[1, + 2"'“1’,
Br = (228 + Du + 241 — Dy, wy = 225y 4 24y,

If u= |v|, Bs is evidently the least entry of all Li(a’) with a’=22*+1.

We have B;,-—a;.,;,é Tif

(86) M = C;.,kl VI y Ch,k = 21l — 2 — b).,k.

(85)

Suppose that, when u>Ch x| |, s is the largest entry of all Liy(a’) with
a’ 2% —1, that is to say,

87 b2 — ) Zbax— (r—1)Chp (r=2,3,4,---).

If wp—as,x = T we can pass first to ws, then to 8,. The contrary case is equiva-
lent to

(88) bas = 2%+ 1,0rCap < 2 — 3.
If both (87) and (88) hold, F; contains the gap

Ts.x = min (84, wa) — max (ax,x, {n)
=min 2*|v|,p+|v|, 26— Crr+ 1) | »]).
The greater of T' and Ty, is

(89)

Tifu< Caplv|orpz 2"+ 1],
22| y|if 2P =)y Sps @+ 1],
pH|v]iE Cra+ 2] su=s @ =]y,
22— Crp+ 1| v|iCrr|v]| SusSCra+2)]r].
Since 22*—1—(2*—1)23#1 (mod 3), Lemma 13 shows that

(91) bax S 2% — 1 4 (9/5)2(201 — )12,

(90)

Hence b4, <2**1—2, and indeed
(92) Cor = (2 — DUz — 1)2,

We readily find a lower limit for b.(e). Let A denote the greatest integer
such that e—A4?2is a sum of three squares. If e>4%k% and k=1,

(93) bi(e) = — 3%k 4 (e — 3k%)1/2,
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Indeed, if e—A2>3k2, we have

(94) bi(e) = A — 2k + (e — A2 — 2k2)12,

Both (93) and (94) can be improved in special cases by various considerations.
If e=22"—1, A =2%—1. Hence by (94), bs,»>2" as soon as 2*—1>3k2,

and possibly for smaller values of 4. We find also that (87) holds in virtue of

(862), (92), (93), and (94), as soon as 24+1—2>3k2, Hence the gap I's,; occurs

in Fy for every % such that 2*—1>3k2, and possibly for smaller values of 4.

It exceeds T only within the range

(95) Crrl|v| <m< @ +1)]v].

If bs,2>2% but 2++1—2 < 3k2 it is necessary, under the present analysis, to
verify whether (87) holds. If (87) did not hold, T's, would have to be changed
by the introduction of new entries in the max term subtracted in (89).

It is easy to see by Lemma 14 and an argument like that employing (84)
that we can pass by increments <T' in F; from eu+b» to eu—+bs, v, where
e=22»—1 at least if 2=8; and as we shall see, for all e.

@ h=3.
Ly(63):15, 13, 114, 9y, 72; La(64):16, 8.

Here the terms without subscripts belong to Lo(a), and those with subscript j
belong to L;(a) but not to L;_;(a).
Thus b5,=9>8, and F; contains the gap Ts,=8[v| if 7|v|=p=<9|v|,

2u—6v|if S|p|=p=T7 ], ut+|p|if u="7]r|.
(i) h=4.

Lg(256):32, 16;

Ls(255):31, 29, 27, 25, 23, 215, 195, 175, 135, 115, 95, 7, 1.
Hence b,,1=21, by, =17 (k=2, 3, 4). There is no difficulty in passing from
255u+17v to 255u+13v when k=5, since we can assume (257u+31»)
—(255u+17v) >u+v. To assure (87) for k=4, we verify that

b4(254) 24, B,(253) 2 —9,---.

Since C41 = 9, Cox = 13 (k = 2, 3, 4), the gap (90) is easily written down.
(i) h=S5.

L5(1023):63, -« -, 55,- - -, 49, - - -, 39y, 375, 335, 315.
Now C5,1 = Cs,z = 23, Cs,s =C5,4 =29.
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(iv) h=6.

Lo(4095):127, e, 111 97, ey, 751, 732, 712, 695, 675, 63s.
NOW C¢,1=51, Cc,z=C¢,3=Co,4=55, Cs,5=59.
(v) h=1.

L,(16383):255, : - -, 221, - - -, 199, - - -, 149, 147,, 145,, 143,, 141,
139, 1374, 1355, 1315, 127;.
Hence C7,1 = 105, C7,2 =C7,s =C7,4 = 109, C1,5 =C7,c =119.
Finally we note that Cs,1=229. Hence we have

THEOREM 4. Let u= —3v>0, k= 1. Let by, denote the least b on L (22%—1)*
For every h such that by,x > 2%, which is true at least if 2*—1>3k?, F, contains a
gap just preceding min (B, ws) of (85) which exceeds T for certain values of u, v.
This gap is given in (90), with Ch,. in (862), if (87) holds, whick is true if
2412 >3k2 No other gaps in Fy exceed T. In particular the largest gap in Fy
is Tif 3|v|<u=sSly|,

Tif @'+ 1) || S p = Caalv],

20— Cra+ D]v|ifCanlv| s Crat+2)|v],

ptlv]if Cat+ v sus @ =]y,

2Mwlif @ =Dy sus @+ 1]y,

where h=3,4,5, : - -, and
(97) Cs1 =5, C41 =19, Cs1 =23, Cs,1 = 51, C7,1 = 105, Cs,1 = 229, - - - .
The largest gap in Fyis T if 3|v| <p<13|v|, and for the rest is given by (96)
with C).,l replaced by C}.,z, h=4, 5, 6, e, and
(98) C4,2 = 13, C;,z = 23, Ce,z = 55, C1,2 = 109, Ca,z = 229, e,

(96)

The values Ch;x to be used in writing down the largest gaps in Fs, - - - | Fe, in the
above fashion, are

C4,3 =13, Cs,a = 29, Cc,s = 55, C7,3 = 109, tey
C}.,4 =C}.,3 (h = 4, 5, 6, . ');
CG,B = 59, C7,5 = 119, e ;C7,3 = 119, .

If k=7 all gaps in Frare <Tif 3|v|<u<229v].

10. Table Fy, |v|<u<3|v|, k=1. The writer has previously considered
the functions 3x%2+2x (in papers to appear shortly in the Bulletin of the
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American Mathematical Society, and the American Journal of Mathematics).
The following theorem and three lemmas were proved.

THEOREM 5. If u= |v | >0 the largest gap in F., is
(99) T=u—|v|lifuz(3/2)]|v|,a=5|v| =3uifu=(3/2)]»].

Evidently I"and A are gaps in every F;. For let j = (sign ») or 1-(sign »).
Then they occur from 4f(0) to f(—7)+3f(0), and from 4f(—j) to f(5)+3£(0).

LemMA 16. Although [by Theorem 5] every integer p =0 is a sum of four
values of 3x%+2jx for integers x, there exist infinitely many integers p >0, for
any k=1, such that

(100) p# Bat + 2jx) + - - -+ Bxd + 2jxy), v = — k.
Lemma 17. If k=j=1 the only odd p >0 satisfying (100) are
(101) 9,13, 25,29, 41,45, 47, 69, 75, 79, 97,109, 149, 165, 189, 235, 305, 509.
If k= —j=1 the only odd p >0 such that (100) holds are
(102) 33, 59, 129.

Every odd p >0 is a sum of four values 3x*+2jx, x = —2.

LEMMA 18. Let k20, j=*%1. The only even p=0 not sums of four values
3x%4-2jx for integers x= —k are 1(4* —4) where

(1) t=4, 34, 52, 130, 148, 172, 202, 286, 298, 316, 340, 358, 394, 436, 490,
526, 580, 598, 676, 694, 766, 772, 844, 862, 898, 1102, 1252, 1306; 2+ (mod
3), 24>3k—j;

(2) =58, 154, 178, 292, 310, 346, 382, 604, 622, 778, 814, 1006, 1198,
1276, 3676; 2h=j, 2-2* >3k —7;

(3) t=10, 28, 70, 124, 190, 226, 262, 430, 466; 2*>3k—j, or 2*=j and
2.2 >3k —j=2%;

(4) t=94, 244; 2" >3k —j, or 2"=j and 5-2»>3k—j = 2%;

(5) t=22, 106, 238;2-2h>3k—j, or 2*£j and 4-2">3k—j=2-24;

(6) t=46, 142; 4-2*>3k—7, or 2'=j and 5-2*>3k—j=4-2";

(7) t=82, 166, 220, 334; 2*#5 and 4-2*>3k—j;

(8) t=176, 484, 652, 1564; 2*=j and 5-2>3k—j;

(9) t=508, 1324; 2*5£4 and T-2%>3k—j.

It is seen, by continuity, that every F, contains a gap greater than
(103) e = max (T, A)

in a neighborhood of u=(3/2)|v|, and that the first such gap will occur as
far out as we please for a sufficiently large .
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To determine the least even values p for which (100) holds, write H for
the least integer such that 28 >3k —j. If 22 =4 (mod 3) the only 4% <6-4# in
Lemma 18 are

(104) a2y (' = 46, 76, 88, 94).
If 22 #4 (mod 3) the only 4*<3-4# are
(105) 483 (" = 46*, 76*, 88, 04*, 142*, 160, 184),

where the four starred numbers are to be omitted unless 5-22-3>3k —j.
Write M,=M(p, k, u, v) for the set of all numbers pa+»b such that

(106) p = 3a + 2jb, b on Lx(a), j = sign ».

Hence F, is the ordered class of all elements of all classes M,, p=0,1,2, - - - .
By Lemma 16 infinitely many of the classes M, are null.

If M, is not null we write a..(p) for the largest, a_(p) for the least a of any
element thereof, and b, (p), b_(p) for the largest and least values b. Hence

(107) p = 30+(p) + 2jb-;(p) = 3a_(p) + 2b,(p).
By (106) we have
(108) a=p (mod4), b= — jp (mod6).

If both au+bv and (a—4)u+ (b+65)v belong to M, the increment from
one to the other of these entries of F, is allowable if

4u — 6| | <p—|v|and6|y| — 4u < 5| | — 3,
ie. if 3u < 5|v|and|»| < u.
The largest entry of M, is
(109) £:(p) = nar(p) + vb_i(p) or £-(p) = na_(p) + »bi(p)’

according as
(110) 0=un—(3/2)|v|is = 0or = 0;
and the least entry is the other.
In the next two sections we consider completely the cases =1 and 2,

and k23, p25|v|/3. We apply the preceding discussion jn §13.
11. Cases k=1and 2, |v| <u<3|v|. We prove the following theorems:

THEOREM 6. The largest gap in F, is
(111) v if v < p <3y,
and, if v<0, is
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4|v| = 2if[v| Sw = (1/9) ],

3u=3|v|if (1/5)|v| Sw = (3/2) | 5],

(112) v —wif G/ |v| 2w s (5/3)|v,
2u=2[ i (5/3)|v|sus 2]y
2|vlif2lv|sus 3|y,

THEOREM 7. The largest gap in F, is

Sv—=3uifv = u = (4/3), 3u—3vif(4/3)y = u = (7/5),
(113) 4 —2uif (7/5)w = = (3/2)v, 2u— 2vif (3/2)v < u = (5/3)y,
v —pif (5/3)v S p= 2, p—=vif2s S pu =< 3.

If v <O the largest gap in this table is

(114)

Slvl = 3uifly| su=@/3)|v],  3u=3]v[if@&/3)|v| 2u=(1/5)]4),
alv| = 2uif(1/9) |y Sw = 5/3)|v|,4u — 6| v|if (5/3)[v| sw= (1/9) | ],
8|v| —duif (1/4)|v| S 9/5) o], u—|v|if(9/5)|v| <= 3|

No entries of F; come between 7u+3v and 7u+5v if u>»>0; hence (111)
is a gap in F. Similarly the gaps (112) for » <0 occur in the following places:
from max (22u+4v, 26p+10v) to 25u+7v if |v|<u=3|v|, from 15u+5»
to min (17u+7v, 15u+3v) if (5/3) [v|<u=<3|v|, from 127u+21» to 125
+1Tvif |v|=u=(3/2) |v].

In Dickson’s table IT* multiply the terms free of m by ¢, and write m =2y,
t=u-+v», thereby obtaining table F, for »<0. We easily verify that all gaps
in F, ares4|v|—2u=m—4¢ or 3u—3|v|=3t, at least up to 130u+22»
=54m+22¢. Further, all gaps are <3|v|—u=m—3¢ or 2u—2|v|=2t, at
least to this point. Finally, all gaps to this point are <2 |v | =m—2¢ if m> 3¢,
ie. u=3v|.

Proof of Theorem 6, by the divisions L;(¢). Suppose first that »>0.
Then (0, 2), (1, —1), and hence (2, —4) are allowable increments. If e=1
(mod 4) we can pass from (e, B,) to (e+1, B,—1), (e+1, B.y), (e+2,
B.i1—1), (e+2, B,ys) by increments p—v and 2», provided that B,—2 be-
longs to Ly(e) if e£0 (mod 4). If e=3 (mod 4) we pass from (e, B,) to (e+2,
B.—4), (e+2, B,—2), (e+2, B,), (¢+2, B.;2), provided these quantities
belong to L,(e+2). Finally we may verify

* Bulletin of the American Mathematical Society, vol. 34 (1928), p. 65.
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Lemma 19. If a0 (mod 4), B.—2 belongs to Li(a) for every a=1, and B,
—4 does so except for

(115) e=1,5,9,13, 14, 23, 29, 49, 71.
If a=3 and B,y2=B.+2, B,—4 belongs to L(a+2) unless
(116) o+ 2 =13,21, 57, 157.

Crossing these points is found to introduce no new gaps.
Suppose second that » <0. We prove

Lemma 20. If u> |v |, v <0, and a=2 (mod 4), all gaps in Fyare <4 |v|—2p
or 2u—2|v| between (a, B,) and (a, B,—2).

For, if Boy1=B.+1 we pass from (a, B,) to (e+1, B,+1), (a—1, B,—3),
(a, Ba—2). If B,y1=B,—1, then B, 3<B, 1=B,—1, and we pass to (a—3,
B,-5), (a—1, B,—3), (a, B.—2).

Lemma 21. If p> |v|, v<0, and a=2 (mod 4), we can pass in F, from
(@, Ba—2) to (a+4, Bays) by any of the following sets of increments:

I (— 2’ - 4)’ (3’ 3); II (— 1) - 3)) (27 2): 111 (07 - 2)) (1: 1)) (2: 4)-

I and II. We pass to (a+1, Bo—1). If Boys2Ba+1 we proceed to (a+3,
B.+1), (a+1, B,—3), (a+3, B.—1), (a+4, B.). Otherwise, we use (a—1,
B,-5), (a+1, B,—3), etc.

III. From (a+1, B;—1) we pass to (a+1, B,—3), either (a+3, B,+1)
or (a+1, B,—5), (a+3, B.—1), (a+4, B.,).

This completes the proof of Theorem 6.

In Dickson’s table IV* multiply the terms free of m by ¢, and write
m=2u, t=p—v, thus getting table F, for »>0. The gap 3¢ is seen to occur
from 9m —3¢ to 9m, if 7t <m. Now A=m—>5¢ and T'=¢. We may verify that
all gaps in F, are <m— 5t or 2¢ from 0 to 9m — 3¢, and from 9m to 198m —21¢
=375u+21».

If m<Tt,ie 5Su=7Tv, the gap 4v—2u=m—4¢ occurs in F, from 15u+3»
to 13u+7v. If m=5¢, i.e. 3u<Sv, the gap 2¢t=2u—2» occurs from 15m—7¢
to 15m—>5¢t. If 4¢<m =<5t the gap m—3t=3v—pu occurs from 14m—2¢ to
15m—5¢. If 3t<m =<4t the gaps m—3t and 4t—m are allowable; we verify
that all differences in F, at least as far as 198m —23/=373u+23» are <m—3t
or tor 4—m.

By this examination, one or the other of the following three sets of incre-
ments occurs in F, if » <p < 3», and all differences to 373u+23v are allowable

* Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 210-212.
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by any one of these sets: I (=3, 5), (3, —3); 11 (—2,4), (2, —2);III (-1, 3),
(1’ _1)) (2; _4)

Let a=1 (mod 4). We can pass by I or II from (a, B,) to (a+2, B.—2),
(a+4, B,—4), either (a+1, B.,+1) or (a+5, B.—5), (a+2, B.), (a+4,
B,—2); from (a, B,—4) to either (¢—3, B,+1) or (a+1, B,—5), (a—2, B,),
(a, Ba—2), (a+2, B,—4), (a+3, Bs—5), (a, Bs). By III we can pass from
(d’ Ba) to (a+1) Ba_l)’ (a+2; Ba—Z), (d-l—l, B¢+1)7 (a+2’ B¢+1_1); (a’+47
B¢+1_5)’ (a+5y B¢+1_6)) (d+4, B¢+1_3)) (d+5, B¢+1_4); (d+4, BGI_I))
etc. Since we can suppose ¢ = 350 we do not need quite all of

LEMMA 22. If e#0 (mod 4), B,—6 belongs to Ly(e) unless
(117) e=1,2, 11,17, 35, 53, 71, 123, 239.
If e=2 (mod 4), B,—8 belongs to Ls(e) unless
(118) e = 2,14, 46, 62, 74, 98.

In Dickson’s table Ty* write m =2y, t =p+», obtaining F; for »<0. Again
A=m—5¢t and I'=¢. The gap m—4t=4|v|—2u is seen to occur from 53m
421t to S4m+-17tif 6t <m < 7t, and from 9m +5¢ to 10m+¢ if 5S¢ <m < 6¢. The
gap 6t —m occurs from 28m+-2¢ to 27m+-8t if 43t <m < 5¢, and the gap 2m —8¢
from 25m+16¢ to 27m+8t if m <43t. Finally, 3¢ occurs from 54m 414t to
S4m+-17t if m=7t.

The largest of these gaps occurring for the various intervals is shown in
(125). Hence the following sets of increments are allowable if |v|<p<3|v|:

@) (—3,-95,22ifs= (3/2)|r];

(ii) (=2,=4),1,1),46) i 3/2)|v]|=u= 1/9]];
(iif) (—2,—4),1,1),3,5i/3)|v]| =us2|v];
(iv) (=1,-3),1,1,@29ifuz2|s].

An examination of T, shows that the gaps (114) are the largest to 54m
+17¢, and that we can pass from 54m+17¢ to 144m+36¢=324u+36» with
differences m — 5t and 2¢, or m —4¢ and ¢.

Thus we may suppose a>320. Then each of B,, B,—2,---, B,—8
belongs to Li(a) if a#0 (mod 4). The passage from (s, B,—4) to (a+4,
B..4—4) by any of the sets of increments (i), (ii), (iii), (iv) is simple, and left
to the reader. It is readily considered on graph paper, with a=1 (mod 4).

12. Table Fy, k=3, 5|v|<3u<9|v|. We prove the following theorem:

* American Journal of Mathematics, loc. cit., pp. 24-25.



122 GORDON PALL [January

THEOREM 8. The largest gap in Fs is T if v<0 and (5/3)|v|=u<3|v|,
4u—6v if (5/3)v=p=(7/4)v, 8v—du if (T/4)v=p=(9/5)», T if (9/5)r=u
<3v. Thelargestin Fy, k=4,is T if (5/3) [v|<u<3|v].

If 4> 2 |v | this follows from Theorem7. Let (5/3) |» | <u <2 |»|. Then both
(3, —57) and (—2, 4/) are <T, j=sign ». If »<O0 the set of gaps (iii) of §11
is allowable, and, by results there obtained, it remains only to examine table
F3 to 54m+17¢. All gaps in T to this point are <t or m—44(=4|v|—2u) if
we insert the entry 27m+7¢ of Fs.

Hence let »>0. Denote by 7, the process of adding (1, —1), (1, —1),
(=2, 4) to an entry, and by m, that of adding (1, —1), (1, —1), (3, =5),
(1, —1), (=2, 4). Let a=1 (mod 4). The process 7 and two or three (r1)’s
brings us from (e, B,) to (a+4, Bays). For this procedure it is necessary that
B.—8 belong to Ly(a+6), Ba—7 to Ly(a+S5), - - - .

We find that five consecutive odd values b satisfy

119) b2+ 8b + 64 > 3a,4a > b%, b > — 12,

for any odd @ such that
273 <0 <295 307 <a< 335 343<a< 377, a=381;

and, permitting ourselves to use the extension of (20;) analogous to (32;) for
k=23, that five consecutive even values b satisfy

362 4 32b + 256 > 8a, 4a > b2,

for any a=2 (mod 4) such that a=6. Since 379=172+492+32, 29=B,—8
belongs to Li(a), a=2379. Finally, six consecutive odd values b satisfy(119) if
a=423, 467, 511, 555, 603, 655, 707, =757, and B.,—10 belongs to Ls(a
=2383). No further values a=3 (mod 4) and >350 satisfy B,=B,_s+2.

It remains only to examine table F; to 349u+ Byyev. We insert into table
IV (Dickson, loc. cit.) the following entries of Fj:

dm + 3t,14m — ¢, 18m — ¢, 20m — 5t, 24m — 5t, 25m — 4t, 25m — 3¢, 32m — 5¢,
48m — 5¢, 48m — 4t,49m — bt (b = 7, 6, 4, 3), S0m — 8¢, 50m — 5¢.

Then all gaps to 50m —10¢ are <, m —4¢, or 5t—m, which are our allowable
gaps. As in Dickson (American Journal of Mathematics, loc. cit., p. 44),
we see that, if (5/3)v<u=<2», F; contains a gap from 90u+10v =50m —10¢
to min (86u+18», 94u+4v). This fact gives the gaps other than T in the
theorem. From this point to 198m—23t=373u+23» all differences are
<t, m—4t, or 5t—m. Table F, contains the entry 91u+9» which bridges
the above gap.
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13. Table Fy, k23, |v|<u<5|v|/3. By definition of a_;(g) none of

(a4, b2) = (a-i(g) — 4jv, b+(q) + 6v) (v=123--+),
belongs to M,. It follows that
(120) (b+(g) + 6)* > 4(a-i(g) — 4/) (¢ # 0,mod 4).
For, in the contrary case, we must have
(121) b2 + 8b, + 64 < 3a,

for every v=1 such that 4e¢,=b2. Let V denote the greatest » for which (121)
would hold. Then, simultaneously,

b* + 8by + 64 =< 3ay, 4(av — 4)) < (bv + 6)%,

a contradiction for arbitrary ay >0, by = 3. It is to be noted that by =5.(g) +6,
and to be verified that

(122) bilg) 2 —2—7 (¢ # 0,mod 4).

Since, then, a_;(g) is as small (if =1) or large (if = —1) as the condition
40 = b? permits, we must have
(123) a(g—Dzalp—1,a(g+1) 2a()—3 G=1,
(129) ar(g+1) Sai(g) +1, ar(g— 1) S ar(g) + 3 G=-1,
provided ¢30. Some of these are of course vacuous if M 441 is null.

Now, if 3a+2jb+1=23a’+25b’, the inequality
(125) (pa' + vb’) — (ua +vb) < ¢

is readily seen to be equivalent to
(126) O/ Sa+1(06020), o’ 2a—3 (if0<0).

Hence, if p is even, all differences from the greatest entry 8,1 of M,
to the least entry o,41 of M, are <eif M, contains an entry (a*, b*) such
that

(127) a*sa(p—-1D+1, a*za(p+1) -1 (020),
(128) a*2a(p—1) -3 a*=ao(p+1)+3 (020).

While all of these hold with a*=a;(p) in virtue of (123) and (124) if p=2
(mod 4), generally if p=0 only (127;) and (128;) hold if j=1, and (127,) and
(128,) if j= —1.

If M, is null there is always a gap v, =7v(p, k, i, v) in F}, from the greatest
of the quantities 3,-, to the least of the quantities o,,, (r=1, 2, 3, - - -). By
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continuity, as we have seen, this must exceed e for a neighborhood of p=(3/2)

vl

If M, is not null, and p=0, the relations
a-(p) 2 as(p— 1D +5, ar(p) Sa(p+1) -5,
a-(p) 2 a(p+D+7, ar(p)Sa(p—-1) -7,
in the respective cases
(130) j=1,020;j=—1,020;j=1,0<0;5=—1,0<0;

(129)

are necessary and sufficient conditions for the existence of a gap v, in Fi
exceeding e for a neighborhood of u=(3/2) |»|. This gap is given by

min {£-i(0), E=i(p + 1)} —max §(p — 1), if o 2 0;

131
(131) mrin ti(p + 1) —mflx {e.i(p), -4(p — 1)}, i jo < 0.

As a further consequence of (120) and of |v|<u<5]|v|/3, we have that
minf_j(p + 1) = £(p+ 1) if jo 2 0,
r

max{_;(p — 1) = E(p — 1) ifj6 S0,
r

which yields a simplification of (131). It is conjectural that
(132) £(p — 1) = max §(p — ) if 76 = 0,£(p + 1) = min¢;(p + r) if jo 0,
will always hold when
(133) dp > ¢
where
op =0(p, by, w) = E(p+ 1) — E(p— 1) ifjO 20,
=t(p+1) —&i(p—1)ifj6 0.
Then, if M, is null, v, =0,; and if M, is not null, v, is the smaller of §, and
(135) i) —E(p—1) (80z20), &H(p+1) —&ip) (8=0).
If 30’4+ 250’42 =3a’'4-25b", then
(136) (ua” + vb"") — (ua’ + vb') > ¢

(134)

is equivalent to
ple’ +1—4a") <33 +4- 30" |»|if020,
ul@” +3—a)>13Ba" +8—3d)|v|if6 0.

If 3a+2b+r—1=3a"+2b', r22, then

(137)
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(138) ua + vb = pa’ + vb'

holds at once if (¢’ —a)8=0, and is a consequence of (137) if

(139) d'"<d <aa+@r—1ad"<rd+r—-1 @@= 0);
a<a =2d" +2,a4+0—1Dd"=ra —3r+3 0 =<0).

If 3¢”420"+r—1=3a+2b,r=2, then

(140) pa + vb = pa’ + vb"

holds at once if (¢a—a’")§ 20, and in consequence of (137) if

(141) a<d' <d,a+(@r—1a 2ra" —r+1 6 =0);
a>ad"2ad —2,a+ @ —1d Srd"+3r—-3 6 =0).

These formulas yield sufficient conditions for (132) to hold at least for
the values u, » satisfying (133), which is of the form of (137).
Now (136) implies |4nu—6njv | < e if

(142) m<d+2—-a" (020),4n<0"+6—a (9=0).

This makes it very probable that no gaps larger than the greatest of € and the
first three or four of they, occur in Fy, for any k=3, in the range |v|<u<5|v|/3
remaining.

To see thislet j =1, 6 2 0 for simplicity. If p=2 (mod 4) we can always pass
from £ (p—1) to £_(p), thence to £ (p+1). This s clear from (123). For the
italicized statement above we must be able to pass allowably from £_(p+1)
to £,(p+1). Let

(143) ay, = E—(? + 1) + 9(4/“' - 6”) (‘" = hl) hg,y - - ) h‘)’

where 0/ <hy< - - -<h;, denote the entries of Fi on M,,;. We can pass
from an, to as,,, allowably if (by (142)) Aiy1—hi<h:. By Lemma 2 and Theo-
rem 1 of the writer’s paper Improvements of the Cauchy lemma on simultaneous
representation, this is the case at least of r=3p+44>107, since then the 4; are
distributed in such a way as to satisfy the relation.

Thus we have still to examine the values r =3p 44 less than 107, a finite
though long problem. Enough has been said to indicate the nature of the
gaps throughout F;.
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